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1 Introduction

DSGE models are becoming widely used in both academic and central bank
research. In the case of the latter there is naturally great interest in the
ability of the models to adequately represent the data. Moreover, a natural
question that arises is whether it is possible to recover reliable estimates
of the parameters of the model from such data sets. At one extreme this
question is about identification i.e. whether it is possible to recover unique
estimates of the parameters even with an infinite sample. A literature has
emerged on this in the DSGE model context that we attempt to elucidate in
section 3 of the paper. By producing a classification of identification issues
we see that there are situations in which it may be impossible to identify the
DSGE model parameters but that this is not important for policy use.

Increasing attention has also been paid to methods for estimating their
parameters from data sets, as well as the ability of these models to repre-
sent selected characteristics of the data. Estimation of the model parameters
was initially done by applying instrumental variable estimators (GMM) to
the Euler equations underlying them. This approach aimed to account for
the presence of endogenous variables and future expectations that appear in
these relations. But this strategy fell out of favour as simulations showed
that the methods for summarizing the uncertainty in parameter estimators
were unreliable due to weak instruments - see Mavroeidis (2004) for exam-
ple. Although the parameters were rarely unidentified, very large samples
might be needed to produce useful inferences. This led to the development
of a literature that tried to produce better performance for the indices of
uncertainty when samples of the size encountered in macroeconomics were
only available e.g. Staiger and Stock (1997), Poskitt and Skeels(2005) and
Andrews and Stock (2005). That literature is still evolving, particularly if
more than two endogenous variables are involved in an Euler equation. An
alternative to improving the finite sample inference has been to select other
estimators such as MLE. But the fact that MLE is an instrumental vari-
ables estimator in the simultaneous equations set up- see Hausman (1975)
and Hendry (1976) - means that the issue cannot be that one is using a dif-
ferent estimator in that case but rather that there has just been a different
method of constructing instruments. Indeed this has been shown in examples
such as Fuhrer and Olivei (2004) where one could improve on standard IV
by utilizing the forecasts from a derived reduced form rather than using the
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OLS estimates, as is done with standard IV estimators such as 2SLS.1 This
method has a long history. In the context of simultaneous equations Brundy
and Jorgenson (1971) called these the FIVE and LIVE estimators. Such es-
timators used as instruments the predictions from the derived reduced form
after imposing either all the restrictions on it (FIVE) or the sub-set of them
stemming from the equation being estimated (LIVE) as instruments (since
any set of weights attached to the instruments produce consistent estimators
we are free to choose these weights however we wish) and Fuhrer and Olivei
(2004) essentially applied these estimators when estimating NKPM systems.

Whilst MLE has often been seen to produce better results than GMM
in estimating DSGE models it has also been criticized by authors such as
Ahn and Schorfheide, 2005, who refer to the "dilemma of absurd parameter
estimates" found when applying MLE to DSGE models. They argue that
Bayesian methods often produce more acceptable parameter estimates, and
there is little doubt that these methods have become increasingly popular.
Indeed, some such as Sims (2005) believes that the failure to use suchmethods
is a reason why macro-econometric modelling in central banks can be greatly
improved. We therefore look at whether Bayesian methods really are superior
in section 4 and whether one should apply systems estimators when one is
unsure of the specification of the complete system. Since the vast majority
of DSGE models are driven by a single I(1) common factor we outline a way
of transforming these models to such a form that estimation could proceed
in a single-equation fashion by using the Euler equations that underlie these
models. Such analysis sometimes gives insights into specification issues with
DSGEmodels, since it does not require a correct specification of the complete
system. We examine estimation issues in the context of an open-economy
model proposed by Lubik and Schforheide (2005) and fitted to U.K. data.
Throughout this paper we use this model to illustrate our arguments.

As well as getting values for the parameters that are inputs into a DSGE
model, central bank policy analysts are clearly going to be interested in the
outputs. Much early work on these models looked at only a few outputs, such
as the variances and covariances of a select group of variables. But, as the
models have been increasingly used by central bank researchers, there has
been a growing interest in evaluating the models in other ways. Of course

1It should be observed that FIML would use restrictions that shocks are uncorrelated

whereas most proposed IV estimators do not, but the difference in performance do not

seem to stem from this difference.
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there have been many suggestions of how to evaluate DSGE models other
than using a few moments e.g. Canova et al (1994) suggested that one ex-
amine the implied VARs, while others have formalized such tests in different
ways e.g. del Negro et al. (2004). In Fukac and Pagan (2006) we proposed
a structured way of doing this testing. Here we augment the methods pro-
posed there in two ways. First, we argue that, once the model parameters
have been estimated, one should enquire into the ability of the model to
satisfy the assumptions used in the derivation of the Euler equations. Nor-
mally this is complicated by the presence of I(1) factors driving the models,
but using the transformation mentioned above enables us to circumvent that
problem. Second we look at the tracking performance of the model. Deriving
the predicted path of variables implied by a DSGE model is complex. In most
instances researchers have not been willing to assume that the DSGE model
will be an accurate rendition of the economy and have thought that there
is a wedge between the model outputs and the data. This has sometimes
been handled by adding an observation shock on to the model output e.g.
Altug (1989) and Ireland (2004). If one assumes that it is zero then one is
effectively replacing the model variables with data. To avoid that situation
it is necessary to make some assumption about the nature of the observa-
tion shocks and how they relate to the model shocks. If one assumes that
the observation shocks are uncorrelated with the model shocks then one can
utilize the Kalman filter to extract the predictions made by the model about
the data, but this a strong assumption. There seems no reason to think that
they should be uncorrelated. We therefore follow Watson (1993) and propose
that one allow for a correlation between the shocks, with the extent of the
correlation being controlled by the need to maintain the model covariance
characteristics while getting as close to the data as possible on some speci-
fied dimension e.g. this might involve a covariance matrix or a spectrum over
certain frequencies (Watson used these). Rather than solve the problem the
way Watson did we formulate the problem as one that involves an applica-
tion of the Kalman filter, but with the model and observation shocks being
correlated. We illustrate the method with the Lubik and Schorfheide model.
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2 Some preliminaries

2.1 Solving the Model

Consider the following stylized version of an economic system of the form

B0yt = B1yt−1 +Dxt + CEtyt+1 + ut (1)

where yt is a vector of n × 1 variables, xt is a set of observable and ut a set
of unobservable shocks. There are p observable and less than or equal to n
unobservable shocks. If there were more than n of the latter we would be
looking at factor models and we side step that issue in this paper. By observ-
able we will mean that the shocks can be recovered from a statistical model.
By unobservable we will mean that the shocks are defined by the economic
model. Later however we will allow for another class of unobservable shocks
that are not defined by an economic model but which are added simply to
produce a better tracking of the data; the latter we will call observation
shocks.

To find a representation that eliminates the expectations we follow Binder
and Pesaran (1995) and write ξt = yt − Pyt−1, which is then substituted to
obtain

B0(ξt + Pyt−1) = B1yt−1 +Dxt + CEt(ξt+1 + Pyt) + ut

= B1yt−1 +Dxt + CEt(ξt+1 + P (ξt + Pyt−1)) + ut

= B1yt−1 +Dxt + CEt(ξt+1) + CPξt + CP 2yt−1 + ut,

so that we need B0P − B1 − CP 2 = 0 to eliminate the yt−1 term and to
produce

B0ξt = CEt(ξt+1) +Dxt + CPξt + ut.

This then implies

ξt = (B0 − CP )−1CEt(ξt+1) + (B0 − CP )−1Dxt + (B0 − CP )−1ut

= Π1Etξt+1 +Π2xt +Π3ut,

and the solution to the latter would be

ξt =
∞∑
j=0

Πj
1Et(Π2xt+j +Π3ut+j).
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Thus

yt = Pyt−1 +
∞∑
j=0

Πj
1(Π2Etxt+j +Π3Etut+j)

and we need to specify the nature of xt and ut. In the case where the xt and
ut are AR(1) processes we would get a Vector Autoregression with Exogenous
Variables (VARX) system for yt :

yt = Pyt−1 +D0xt +G0ut. (2)

Now the economic theory here is a statement about P. D0 involves both P
and a statistical process for xt, with the latter capable of being inferred from
the data independently of the model. This is not so for ut since, although
one might estimate a process for it, this can only be done by estimating the
complete model.

The discussion above has proceeded as if yt was a stationary random
variable. Where the situation become more complex is if the observed data
is an I(1) process, as this means that the DSGE model must be driven by
an I(1) factor. In that instance the model variables are generally measured
as a deviation of the observed variables from this factor i.e. ỹt = yt − at,
where At is the I(1) factor and the solution is then for ỹt.

2 For this reason
(2) is then estimated with a Kalman filter approach, with the observations
yt being related to the model variables as yt = ỹt + at. If one then wanted to
estimate the DSGE model parameters using the Euler equations in (1) there
would be a complication since

B0ỹt = B1ỹt−1 +Dxt + CEtỹt+1 + ut (3)

so that, substituting yt for the ỹt using yt = ỹt + vt, would result in

B0yt = B1yt−1 +Dxt + CEt(yt+1) +B0vt −B1vt−1

+CEtvt+1 +Gut.

Now Etvt+1 is often either vt if (say) At is a random walk or zero (for those yt
that are I(0)) and so it is clear that the error term in these Euler equations
is a composite one and therefore it follows a Vector MA process. This poses
estimation difficulties.

2In most instances one of the ut is an I(1) shock. If there are more shocks then variables

the discussion of this paper needs to be re-considered. But few DSGE models have that

property at the moment.
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Clearly it would be best if we could estimate ỹt and use these observations
in the original Euler equations (1). One way to do this is to measure yt =
yt − ypt , where ypt is the permanent component of yt. A reason for doing
this is that the permanent component of a series can be estimated using
standard co-integration methods. Once estimated yt can be formed and used
to estimate the Euler equations. We give an example of how to perform the
transformation in the next sub-section.

2.2 An Example of Re-formulating the Euler Equa-

tions

The model we utilize is in Lubik and Schorfheide (2005). It is a small four
equation model of an open economy. The IS curve describes output yt and
is specified in their paper in terms of the transformed variable ỹt = yt − At.
The same transform is applied to (unobservable) foreign output to produce
ỹ∗t .

ỹt = Etỹt+1 − [τ + θ](Rt − Etπt+1)− α(τ + θ)ρq∆qt

−ρA∆At −
θ

τ
(1− ρy∗)ỹ

∗

t , (4)

0 < α < 1, τ−1 > 0

In the IS equation qt is the observable terms of trade, At is the log level
of (unobservable) technology, α is the import share, τ is the intertemporal
elasticity of substitution and θ = α(2− α)(1− τ ).

Their open economy Phillips curve is

πt = βEtπt+1 − α(1− βρq)∆qt +
κ

τ + θ
ỹt

+
κθ

τ [τ + θ]
ỹ∗t , (5)

where πt is the domestic inflation rate, β is the discount factor and κ is a
"price stickiness" parameter.

The exchange rate equation is

∆et − πt = −(1− α)∆qt − π∗t , (6)
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where et is the log of the exchange rate and π∗t is the (unobservable) foreign
inflation rate.

The policy rule for the nominal interest rate (Rt) is

Rt = ρRRt−1 + (1− ρR) [ψ1πt + ψ2ỹt + ψ3∆et] + εRt . (7)

Exogenous variables evolve as

∆qt = ρq∆qt−1 + εqt . (8)

∆At = ρa∆At−1 + εat (9)

ỹ∗t = ρy∗ ỹ
∗

t−1 + εy
∗

t , (10)

π∗t = ρπ∗π
∗

t−1 + επ
∗

t , (11)

Now, as we have mentioned above, we want to transform these equations to
incorporate variables that are deviations from permanent components rather
than from the unobservable factor At. Therefore, define yt = yt − ypt , where
the "p" indicates the permanent component. Then

ỹt = yt −At = yt − ypt + ypt − At

= yt − ypt + Ap
t − At

= yt +
ρa

1− ρa
∆At

given the nature of At (see Morley(2002)). Thus the IS equation becomes

yt +
ρa

1− ρa
∆At = Et(yt+1 +

ρa
1− ρa

∆At+1)− [τ + θ](Rt − Etπt+1)− αθρq∆qt

−ρa∆At −
θ

τ
(1− ρy∗)ỹ

∗

t .

Collecting terms gives

yt = Et(yt+1)− [τ + θ](Rt −Etπt+1)− αθρq∆qt

−2ρa∆At −
θ

τ
(1− ρy∗)ỹ

∗

t

= Et(yt+1)− [τ + θ](Rt −Etπt+1)− αθρq∆qt

−
2ρa(1− ρa)

(1− ρaL)
∆ypt −

θ

τ
(1− ρy∗)ỹ

∗

t , (12)
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since

∆ypt = ∆Ap
t =

εat
1− ρa

=
(1− ρaL)∆At

(1− ρa)
.

In a similar way we can re-write the Phillips curve and interest rate rules
as3

πt = βEtπt+1 − α(1− βρq)∆qt +
κ

τ + θ
yt

+
κρa

(τ + θ)(1− ρa)
∆At +

κθ

τ [τ + θ]
ỹ∗t (13)

Rt = ρRRt−1 + (1− ρR) [(ψ1 + ψ3)πt + ψ2yt + ψ3(∆et − πt)]

+
(1− ρR)ρa∆At

(1− ρa)
+ εRt

The solution to this model has the form

zt = Γ1Rt−1 + Γ2∆qt + Γ3vt

where zt =




yt
πt

∆et − πt
Rt


 and vt =




∆At

ỹ∗t
π∗t
εRt


 . Since vt = Φvt−1 + εt we will

have

zt = Γ1Rt−1 + Γ2∆qt + Γ3Φvt−1 + Γ3εt

= Γ1Rt−1 + Γ2∆qt + Γ3ΦΓ
−1

3 (zt−1 − Γ1Rt−2 − Γ2∆qt−1) + Γ3εt

and so the equation for yt = Szt, where S = 1 0 0 0 become

yt = w′

tδ + SΓ2∆qt + SΓ3εt

where w′

t =
[
Rt−1 yt−1 πt−1 ∆et−1 − πt−1 Rt−2 ∆qt−1

]
. Hence

Et(yt+1) = w′

t+1δ + SΓ2ρq∆qt,

showing that Et(yt+1) can be recovered as the predictions from the regression
of yt+1 against wt+1 and ∆qt. The same is true of Et(πt+1).

3We can see some interesting features of this model. If ρ
a
= 0 then the structural errors

in the IS and Phillips curves are proportional to ỹ
∗

t
and so they are perfectly correlated.

This means that there may be singularity problems in the system and this would create

difficulties for MLE.
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3 Identification

The first item that needs to be addressed is whether it is possible to learn
about the values of the parameters of DSGEmodels. This literature generally
goes under the heading of "identification". In extreme cases the model may
be unidentified and so one can learn nothing about the parameter values from
the data. In most cases however there is "weak identification" in which the
data is fairly uninformative about the parameter value. In such instances it
turns out to be difficult to produce a precise measure of how uninformative
it is. It will be useful to look at identification issues in a staged way since
this clarifies some of the discussion in the literature e.g. that in Canova and
Sala (2005).

To begin let the parameters in the DSGE model be θ and the unknown
parameters in B0, B1, D, and C be η. It is often the case that dim(θ) <
dim(η).Now the first distinction that one needs to make is between model
and structural identification - see Preston (1978). The VARX system rep-
resents the DGP and so describes the observations. Suppose then that the
shocks in a DSGE model are white noise and that there are no restrictions
upon B1 and D. Then P and D0 are of full rank with no restrictions upon
them. Varying B0 i.e. changing the model, then only affects the covariance
matrix of the errors in the VARX system i.e. G0.Hence, if the shocks are
uncorrelated, fixing any [n× (n− 1)]/2 elements in B0 will produce identical
VARX systems i.e. all such models are observationally equivalent. From this
analysis it is unlikely that we will ever have a unique DSGE model. The
point could be considered a little trite since we have been familiar for many
years with the fact that different orderings of variables i.e. different trian-
gular representations of B0, are observationally equivalent. To distinguish
between them requires extra information, such as prior ideas about the signs
and magnitudes of impulse responses.4 Thus a paper such as Kim(2003)
has no implications for the type of identification issues we are normally con-
cerned with, as it just demonstrates that there are a number of models that
are observationally equivalent.

Structural identification is concerned with the ability to learn about pa-
rameters of a given model from the VARX. To look at this it is useful to ask

4The impulse responses to the shocks ut in (??) are weighted averages of the impulse
responses to vt = G0ut, where the weights depend on G0 and, hence, B0. The impulse
responses to vt are invariant to the models when there is observational equivalence, but
B0 will vary with the model.
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three distinct questions

1. Can we identify η?

2. Can we identify θ from η when the latter is identified?

3. If η is not identified can we identify θ without using the mapping be-
tween η and θ?

The reason for the distinction is that knowledge of η determines the im-
pulse responses and therefore, for most policy purposes, what we wish to
learn about is η, and not θ. Only if our policy actions involve changing θ
would we be concerned to identify the latter.

The New Keynesian Policy Model (NKPM) is a good example of the
issues that arise in attempting to estimate η. In its simplest form it has a
Phillips curve, an IS curve and an interest rate rule

πt = η2Et(πt+1) + η3ξt + uSt (14)

ξt = η5Et(ξt+1) + η6(rt − Et(πt+1)) + uDt (15)

rt = η7rt−1 + η8ξt + η9πt + uIt, (16)

where πt is inflation, ξt is demand and rt is an interest rate. We might
have Et(ξt+1) and Et(πt+1) in place of the current values in the policy rule
without changing any of the discussion. There are no observable shocks in
this system.

Consider the estimation of the parameters of this system in the case where
there is no serial correlation in the shocks. First, it is clear that the rank
of P in (2) is only one, since rt−1 is the only pre-determined variable in the
VARX. Second, there are two endogenous variables on the RHS of (14), so two
instruments are needed to estimate the parameters η2 and η3.

5 This therefore
leads to identification problems . In contrast, when the equations become
"hybrid" ones in which πt−1 and ξt−1 appear in each equation, two extra
instruments will become available and the order condition for identification
of the Phillips curve parameters will be satisfied.

Now what happens if there is serial correlation in the shocks of the first
two equations of the NKPM in (??)-(16) (a very common assumption)? The

5Since Et(ξt+1) = w′

t
δ, where w′

t
=

[
ξ
t

πt rt rt−1
]
, we see that it involves

endogenous variables. Of course this reflects the dating of information.
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expectations are constructed differently but instruments are still needed for
them. However now we can transform the equation to eliminate the serial
correlation e.g. the inflation equation with an AR(1) for its shock of the form

uSt = ρSuSt−1 + eSt

would become

πt = ρSπt−1 + η2Etπt+1 − η2ρSEt−1πt +

η3ξt − η3ρSξt−1 + eSt,

Since the same transformation applies to the first two equations this clearly
means that there will now be three instruments available to estimate this
equation viz. ξt−1, rt−1, and πt−1. Hence the assumption that the shocks
have an AR structure generates enough instruments for the estimation of
ρ, η2 and η3 in the inflation equation, and this is also true of the remaining
equations. Of course this does not come from the structure of the model but
is simply a consequence of an extraneous assumption about shocks.

Now in many instances the model parameters appear in the ηj but are
not equal to them. Thus in Gali and Gertler’s (1999) Phillips curve η2 =
(1−α)(1−βα)

α
and η3 = β. Suppose one wishes to estimate α (the fraction of

firms that do not adjust their price at time t). Is it identified? Now it may be
that η2 cannot be identified in the system and so α would not be, but that
depends on more than the nature of Phillips curve, so we will assume that
it can be recovered, and hence the question becomes one of whether there
is a unique mapping between α and η2. As Ma(2005) points out there isn’t
one. This is clearly because the equation connecting α and η2 is effectively
a quadratic and so there will generally be two values for α for any values of
η2. Examination of the quadratic shows that the solution is real and that
there is no reason to expect that the two values of α are the same. Of course
from an operational perspective it does not matter that α cannot be uniquely
estimated, as the impulse responses depend upon ηj. This is a good example
of why one wants to distinguish between the η and θ parameters.

To take another example that is in the literature, Canova and Sala (2005)
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look at the following version of the Phillips curve in the NKPM

πt =
ω

1 + ωβ
πt−1 +

β

1 + ωβ
Et(πt+1) +

(ϕ+ ν)(1− ζβ)(1− ζ)

(1 + βω)ζ
ξt + u2t

= η1πt−1 + η2Et(πt+1) + η3ξt + u2t

Now suppose that the shocks in the system, ujt were white noise. Then we
can potentially estimate the ηj provided the IS curve and Phillips curves
in the NKPM are of the hybrid form, since ξt−1, πt−1 would be available as
instruments. However, even if the ηj are identified and β, ω are known, it is

immediately obvious that this is not true of ν and ξ, since η3 =
(ϕ+υ)(1−ζβ)(1−ζ)

(1+βω)ζ

is the only ηj that involves the two parameters ν and ζ. Now in Canova
and Sala v1t and v2t are AR(1) processes and, as we might expect from the
discussion above, this aids identification a great deal. Elimination of the serial
correlation in the second equation introduces terms ρ(ϕ+υ)(1−ζβ)(1−ζ)

(1+βω)ζ
ξt−1 and

ρω

1+ωβ
πt−1 and creates two extra ηj to use to estimate the three parameters

ρ, ν and ζ. Thus identification is once again being achieved by the assumption
of the shocks being AR processes, which is not part of the economic model.

When dim(θ) < dim(η) it is possible that there is identification of θ even
if η cannot be identified.

The examples show that it is not entirely clear that one needs to be able
to identify the DSGE model parameters unless one wanted to perform ex-
periments in which they were changed. Sometimes this is done in policy uses
of DSGE models but mostly it is not. Standard uses generally require η,
so that it is unclear how much emphasis should be placed upon demonstra-
tions of the difficulty of reliably estimating DSGE model parameters e.g. as
in Canova and Sala (2005). It would seem useful to begin any analysis by
asking whether the η are identified, and that means one is naturally led to
consider the Euler equations.

4 Estimation Issues

There are various formal methods of estimation, differentiated largely by the
extent of how much credence is to be placed upon the complete DSGE model.
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Single equation method of moments estimators like GMM, which work off the
moments coming from Euler equations, utilize the complete system only to
the extent of suggesting what would be reasonable instruments. Maximum
likelihood methods, which maximize a log likelihood, L(θ), with respect to
the model parameters θ, try to improve on the precision of GMM by using
the precise structure of the DSGE model.

As has been known for a long time, such efficiency can come at the expense
of bias and inconsistency of estimators, unless the complete system is an
adequate representation of the data. As Johansen (2005) has pointed out,
this is a price of MLE, and it should not be assumed that the DSGE model
has that property. Again this calls for a proper examination of the extent to
which the DSGE model is capable of capturing the main characteristics of
the data.

Bayesian methods have also become increasingly popular. To get point
estimates of θ comparable to MLE, one can maximize L(θ) + ln p(θ), where
p(θ) is the prior on θ. The resulting estimate of θ is often referred to as the
mode of the posterior. An advantage of the Bayesian method is that there
is often information about the range of possible values for θ, either from
constraints such as the need to have a steady state or from past knowledge
that has accumulated among researchers. Imposing this information upon
the MLE is rarely easy. It can be done by penalty functions, but often
these make estimation quite difficult. Adding on ln p(θ) to the log likelihood
generally means that the function being maximized is quite smooth in θ, and
so estimation becomes much easier. We think that this advantage has been
borne out in practice; the number of parameters being estimated in DSGE
models like Smets and Wouters (2003) is quite large, and one suspects that
MLE estimation would be quite difficult.

There is however a cost to Bayesian methods. Unlike penalty functions
the use of a prior changes the shape of the function being optimized. If L(θ)
is relatively flat in θ then the choice of prior will become very important in
determining the estimated parameter values.6 In DSGE models this seems

6The mode of the posterior is generally used to begin a process of simulating realizations
from the posterior density for θ. Often the method used is that set out in Schforheide
(2004). One wonders how useful the posteriors being reported are, since being able to
characterize a high dimensional density accurately requires huge numbers of realizations
from it - the empty-space phenomenon. To illustrate this consider estimating the height at
the origin of a multi-dimensional density. Table 4.2 of Silverman (1986) vividly illustrates
the fact that, when the density is N(0, Id), a 90% accuracy for the estimate requires a
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Table 1: Bayesian and FIML Parameter Estimation Results

Prior distribution Bayes Mean FIML
Density Mean std Mean 90% Interval Mean 90% Interval

ψ1 Gamma 1.50 .20 1.36 [1.06, 1.63] 1.62 [0.33, 2.91]
ψ
2

Gamma 0.25 .125 0.22 [0.10, 0.33] 0.32 [-0.21, 0.85]
ψ3 Gamma 0.25 .125 0.13 [0.07, 0.20] -0.07 [-0.19, 0.05]
ρR Beta 0.50 .20 0.77 [0.71, 0.82] 0.90 [0.85, 0.95]
α Beta 0.20 .05 0.10 [0.06, 0.13] .0003 [.0002, .0004]
κ Gamma 0.50 .15 0.58 [0.34, 0.78] 0.004 [.0001, .008]
τ Gamma 0.50 .20 0.18 [0.10, 0.27] .002 [-.0006, .03]
ρq Norm -.20 .2 -0.18 [-.30, -0.07] -.15 [-.32, .005]
ρA Beta 0.20 .10 0.55 [0.47, 0.62] .39 [.33, .44]
ρy∗ Beta 0.90 .05 0.96 [0.94, 0.99] .99 [.97, 1.01]
ρπ∗ Beta 0.70 .10 0.41 [0.28, 0.53] .24 [.03, .46]
σR InvGamma 0.50 4 0.31 [0.24, 0.37] .20 [.17, .23]
σg InvGamma 1.50 4 1.33 [1.16, 1.50] 1.26 [1.11, 1.41]
σA InvGamma 1.50 4 0.45 [0.33, 0.57] .61 [.43 .79]
σy∗ InvGamma 1.50 4 0.71 [0.40, 1.01] 1.45 [-.71, 3.61]
σπ∗ InvGamma 0.55 4 3.28 [2.87, 3.75] 3.56 [3.00, 4.12]

likely to become an issue.

4.1 Analysing Systems Estimators of a DSGE Model

Let us look at some of these issues in the context of LS’s model. Bayesian
and MLE estimates of LS’s model parameters are given in Table 1.7

To get these we utilize UK data provided on Schorfheide’s web page.
This contains series on the quarterly real output growth ∆yt, the annualized
quarterly inflation π4t, the annualized nominal interest rate R4t, quarterly
exchange rate change, ∆et, and terms of trade growth, ∆qt. The series were

sample size of 4 when d = 1 but one of 842, 000 when d = 10. There are often far more

parameters in DSGE models than ten.
7To estimate the model we employ DYNARE version 3.042, by S. Adjemian, M. Juillard

and O.Kamenik.
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de-meaned and the data are related to the model variables as follows

[∆yt, π4t, R4t,∆et,∆qt] = [∆ỹt +∆At, 4× πt, 4×Rt,∆et,∆qt].

The priors used were those in LS except for the parameter ρq. As noted in
Fukac and Pagan (2006) ∆qt is an observable exogenous variable and there-
fore ρq can be estimated by regressing ∆qt on ∆qt−1. Since the resulting
estimate was significantly negative the LS prior that forced it tto be positive
seemed inappropriate. In the case of MLE no constraints were placed on the
sign of coefficients. It is clear from this table that there are some major dif-
ferences in the estimates - in particular for the parameters ψ3, α, ρA, κ, τ and
ρπ∗. Apart from the fact that the Bayesian estimates all have the "right" sign
by design, their magnitude is well away from zero. The standard approach of
comparing the prior and posterior means would suggest that the data plays
some role in the Bayesian estimates as the estimate of α is pulled towards
the MLE value of zero, although there is a peculiar exception for ρA. Against
this the Bayesian 90% intervals are far shorter than those obtained with the
asymptotic MLE results and they suggest quite a high degree of precision in
estimating the parameters.

As with all Bayesian estimation it is hard to know whether one sees these
differences as a good or a bad thing. In the event that one does have ex-
tremely good prior information one does expect that there will be much more
precision about the possible parameter values, but few priors in macroecono-
metric models can be thought of in this way. Often it is only the signs
that would be known. For example what is the basis for thinking that the
price stickiness parameter (κ) is .5 or that the first order serial correlation
in unobservable foreign inflation is .7? Of course these can be experimented
with, but experimentation through addition and subtraction of variables was
always a major objection by Bayesians to frequentist approaches. Their ar-
gument has been that such experimentation makes it hard to know whether
the supplied measures of uncertainty about the parameter values are appro-
priate. Once one starts varying priors it is unclear what one learns from the
reported posteriors. Essentially the Bayesian estimates are being designed
to match the researcher’s attitudes to what would be attractive parameter
estimates. Our impression is that a lot of Bayesian estimation in macroeco-
nomics involves extensive searching over both the type and form of priors.

It is worth looking at this issue in a bit more detail in conjunction with
two of the parameters, namely α and ρπ∗. These appear in the exchange
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rate equation. Under the assumptions made in this model ∆qt and π∗t are
strongly exogenous processes, and so (6) is actually a regression equation,
with ∆et−πt as dependent variable, ∆qt as the regressor and with first order
serially correlated errors. We know therefore that one can estimate α from
this equation by simply using the MLE.

The exact MLE estimates of the parameters of (6) are found using Mi-
croFit Version 5. We will call this the LIML estimator since it is a single
equation estimator. The parameter estimates are found in Table 2 .

Table 2 LIML Estimates of the Parameters
of (6)

est std dev t
α -.113 .26 .43
ρπ∗ .073 .11 .65
σπ∗ 3.195 .36

Now it is clear that these are very different to the Bayesian estimates.
To look at this in more detail we stand back from the system and simply
estimate the exchange rate equation using Bayesian methods. We first look
at α. A negative value for α is certainly unattractive since it is meant to
be an import share, but the implication of the MLE estimates is more that
one can’t estimate it with any precision. In times past a "wrong sign" might
well have suggested to an investigator that there are specification problems
with the equation. But one does not get any such feeling from the Bayesian
estimates. So how does the Bayesian mode of .1 come about? Figure 1 shows
that there is a large difference between the posteriors of the system (FSBE)
and single equation (SIBE) Bayesian estimators when the beta prior is that
used by LS. The imprecision that is indicated by the MLE is present in the
single equation results. Moreover the fact that the mean of the posterior
for SIBE is virtually the same as the prior tells one that there is very little
information in the sample about α. This point is made very clear when one
looks at Figure 2 which shows how the likelihood changes with α and what
the criterion being used to get the mode of the posterior is. It’s evident
that the augmented criterion is dominated by the prior component. Given
this any answers reflect the location of the prior mean. If it is centered on
zero one will get results very similar to the MLE. To show this we impose
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a normal prior with a zero mean and the same standard deviation as for
the beta density. The results are in the bottom part of Figure 1. Although
there is nothing surprising in these, the point is that the Bayesian system
estimates suggest the opposite i.e. that there is a good deal of information in
the sample, as shown by the difference in the means of priors and posteriors
in Table 1. The extra information is in fact not from the data but from the
imposition of cross-equation restrictions due to the presence in the system of
forward expectations and the assumption that the shocks in the LS model
are uncorrelated. Hence, the estimate of α must be shifting because of these.
But for these restrictions to be benign the complete system must be correctly
specified. This seems a big assumption and we will see later that there is
strong evidence against it. One wonders at the wisdom of using the complete
system to estimate parameters that can be estimated without reference to it.

Turning to ρπ∗, Figure 3 that shows the SIBE and FSBE are much the
same. Again it would appear that there is a good deal of information about
ρπ∗ in the sample, since the means of priors and posteriors are quite different.
But this is very dependent on the type of prior and its location. If we choose a
uniform density that has the same mean and variance as the beta density we
basically get the MLE. Moreover, if we choose a normal prior with the same
standard deviation as the beta prior, and also one that is five times higher,
than we would again get the MLE evidence. Thus the parameterization of a
given prior is now the principal determinant of the modal estimates and the
range of uncertainty about the parameter. Again this is not something one
learns from Table 1. In this simple model one can discover these difficulties
but in more complex applications it seems unlikely.

The suggestion by Canova and Sala (2005) that one should increase the
variance of the prior and see whether the prior and posterior cohere strongly
throughout such an operation is a good one, since one would expect that they
would do so if there was little information in the sample. But why not just
compare the Bayesian mode to the MLE as that is equivalent to a very high
variance in the prior and also does not depend upon the nature of the prior?
One disturbing thing about many studies with Bayesian methods is that the
standard deviations of the estimates are incredibly small and suggest t ratios
of around 30-60. Getting such outcomes with macroeconomic data should
be regarded as incredible and should alert the reader and researcher that
something has gone wrong. It may also be that the MLE produces "absurd
parameter estimates", but often that this is best interpreted as a warning
rather than something that is to be suppressed
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4.2 Euler Equation Estimation

As we argued in the section on identification it is instructive to estimate the
Euler equation parameters η rather than the DSGE model parameters θ. We
therefore look at estimating the IS equation in LS’s model from this perspec-
tive. To estimate (12) we need to measure ypt . This can be done by applying
the Beveridge-Nelson decomposition to data on yt. To do this we assumed
that ∆yt was an AR(2), although the answers are not sensitive to making it
an AR(1) or higher order. Once this has been found yt can be constructed.
The next step is to estimate Etyt+1, and this involves getting the predictions
of yt+1 from the regression of that variable against yt, Rt, Rt−1,∆et − πt, πt
and ∆qt. Etπt+1 can be found in the same way.

Now (12) can be written as

ζt = yt − Etyt+1 = η1(Rt −Etπt+1) + η2
∆ypt

(1− ρaL)
+ η3∆qt + ut (17)

ut =
et

(1− ρy∗L)

and et is white noise. Writing
∆y

p

t

(1−ρaL)
= ∆ypt + ρa∆y

p
t−1+ ..., we can estimate

the equation above by using an IV estimator and correcting for first order
serial correlation in the error.8 Under the assumptions of the LS model ∆ypt
is proportional to εat and so is uncorrelated with ut. If we run an OLS regres-
sion ignoring the serial correlation, then the residuals from that regression,
ût, can be lagged and used as instruments in the AR corrected regression.
As instruments we therefore use ût−1,∆y

p
t ,∆y

p
t−1,∆y

p
t−2,∆qt, ζt−1, yt−1 along

with the lagged real interest rate and inflation expectations. Results are in
Table 3.

8
We truncated the expansion at two lags in the results presented below but our con-

clusions are not sensitive to higher order truncations.
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Table 3 Estimates of IS Curve

Coeff Est t Est t
Rt − Et(πt+1) -.22 -7.2 -.19 -8.6
∆qt -.01 -.7 -.04 -4.2
∆ypt -.24 -20.8 -.34 -28.0
∆ypt−1 -.17 -14.4 -.03 -2.0
∆ypt−2 -.07 -5.2 .02 1.2
yt−1 − Et(yt+1) .42 9.0
AR(1) .53 3.7 -.36 -1.4

Now a question that arises is whether the specification of this IS equation
is satisfactory. In particular the assumption that there is only forward looking
behaviour in it. We therefore replace Etyt+1 with (1− φ)Etyt+1 + φyt−1 and
add the variable yt−1 − Etyt+1into (17). A test of whether one needs the
more general specification can be performed by testing if φ = 0. Table 3
shows that there is strong evidence that φ is not zero. It is noticeable that
the implied estimates of ρa (ratio of coefficients on ∆ypt−1 and ∆ypt ) and ρy∗
are close to zero and it suggests that the incorrect specification of the IS
relation may have biassed the estimates of these coefficients in the MLE and
Bayesian estimates.

5 Evaluation

Estimation approaches in DSGE models involve either formal or informal
uses of the data. The latter are often termed "calibration" and often consti-
tute a wide range of procedures - matching of moments, use of opinions and
intuition, evidence from previous micro and macroeconometric work etc. In-
formal methods are rarely uninformed by data. There is a case that they can
be highly effective - they can often provide a filter against errors in data and
can combine together quite a lot of information in a useful way. The issue
shouldn’t really be whether informal methods are "bad" estimation methods,
but rather whether one performs an adequate evaluation of any model whose
parameters have been quantified by such an approach.
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5.1 Examining the Euler Equations

Using the parameter values found with (say) Bayesian estimation we can
determine how well the Euler equations are satisfied. Our strategy will be
to use the estimated DSGE model parameter values to determine ypt via a
Beveridge-Nelson decomposition as well as Et(yt+1) and Et(πt+1). It is then
possible to compute what the residuals would be from the IS, Phillips curve
and interest rate rule equations. These should be proportional to y∗t , y

∗

t and
εRt respectively, so that we can check the serial correlation assumptions made
about these shocks in estimating the DSGE models by Bayesian and MLE
methods. It is also the case that the residuals from the first two equations
should be perfectly correlated while that from the last equation should be
uncorrelated with the others. Table 4 shows what happens if we fit an AR(2)
to the residuals from each of the three equations.

Table 4 AR(2) Models Fitted
Euler Equation Residuals

Eq AR(1) t AR(2) t
yt -.05 -.45 -.35 -3.2
πt .59 5.18 -.06 -.54
Rt -.47 -4.2 -.18 -1.61
It is clear that the assumptions about these shocks are not compatible

with the Bayesian parameter estimates, with the closest being for ρy∗, al-
though the degree of persistence in the shocks is well outside the prior range
in Table 1. Indeed the monetary policy shock seems to be negatively corre-
lated. The prediction of LS’s model that there should be a perfect correlation
between the IS and Phillips curve shocks is resoundingly rejected with a corre-
lation between these of -.10. In contrast, the correlation between the Phillips
curve and interest rate rule shocks, which should be zero, is significantly
different from that value at .39.

5.2 How Well Does the Model Track the Data?

In the history of macroeconometric modelling a primary way of assessing
the quality of models was via historical simulation of them using a set of
observed values of exogenous variables. The maxim among the proprietors
of such models was "simulate early and simulate often", as that enabled the
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system properties to be viewed and was a complement to single equation
tests of adequacy such as serial correlation. It seems important that we see
such model tracking exercises for DSGE models, as the plots of the paths are
often very revealing about model performance, far more than might be found
from just an examination of a few serial correlation coefficients and bivariate
correlations, which have been the standard way of looking at DSGE output
to date.9 It is not that one should avoid computing moments for comparison,
but it seems to have been overdone, in comparison to tests that focus more
on the uses of these models such as forecasting (which is effectively what the
tracking exercise is about).

Now as mentioned in the introduction there is a problem with producing
such exercises for DSGE models. Using yDt−1 in place of y∗t−1 when making
a prediction is unappealing given that the model may well be mis-specified,
and so there is need for a wedge between y∗t and yDt . Altug (1989) pioneered
one way of doing this by writing yt = y∗t + ηt and then assuming that the ηt
were i.i.d. and uncorrelated with model shocks. One can then estimate the
var(ηt) and extract estimates of y∗t using Kalman filtering methods. Ireland
(2004) has a generalization of this where ηt can be serially correlated. But
there seems no reason to think that these residuals should be uncorrelated
with model shocks and it is easy to construct cases where they would not be.

An alternative approach was developed by Watson (1993), in which he
asked what was the smallest ηt that one needed to reconcile the DSGE char-
acteristics with the same characteristics in the data. Thus, when yt is a single
variable and both y∗t and yt are i.i.d., one can show that the smallest variance
of ηt will be (var(y∗t ) − var(yt))

2, and the values of y∗
t
which are consistent

with this minimal variance will be equal to
[
var(y∗

t
)

var(yt)

]1/2
.

If the data and model are not i.i.d. then one needs to somehow solve the
same problem allowing for the serial correlation. Watson’s suggestion was to
find the shock that would minimize the gap between the spectra of y∗t and yt.
He then showed that the value of y∗t could be reconstructed as y∗t = Ξ(L)yt,
where Ξ(L) has both backward and forward elements.

It is worth looking at this issue and our resolution of it in the context of a

9One problem with such moment comparisons is when parameters are estimated from
the data and these involve moments of shocks. In a regression model this would mean
that the variance of the regression error (shock) can be chosen to perfectly match the
variance of the variable being explained. Thus the comparison of moments is often best
when parameters have not been estimated.
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simple application in which there is just a single variable yt that is observed.
The "DSGE model" is then an equation for a variable y∗

t
which is the model

equivalent to yt. There is a model shock vt and an observation shock ut, and
the system has the State Space Form (SSF)

yt = xt + ut

y∗
t

= vt.

The variances of yt and y∗
t
are known − the latter since the DSGE model

has been calibrated. Our aim is to estimate y∗
t
as closely as possible given

the data. We assume that the shocks ut, vt are bivariate normal with zero
means.

From the bivariate normal we know that the best estimate of y∗
t
given the

observations is E(y∗
t
|yt) =

cov(y∗
t
,yt)

var(yt)
yt. But we don’t know what cov(y∗t , ut) is

and so we don’t know the numerator of the weight to be applied to yt. Some
value needs to be selected for it and to do that we need a criterion. A simple
one would be to minimize var(yt − E(y∗t |yt)) i.e. to minimize

E(yt −
cov(y∗t , yt)

var(y∗t )
yt)

2

= (1−
cov(y∗t , yt)

var(yt)
)2var(yt)

Since var(yt) is fixed this is minimized by maximizing cov(y∗t , yt). Now, be-
cause cov(y∗t , yt) ≤ std(y∗t )× std(yt), it is clear that the optimal estimate of
y∗t will be

std(yt)std(y
∗

t )

var(yt)
yt =

std(y∗t )

std(yt)
yt

which is Watson’s (1993) result.
Instead of working with cov(y∗

t
, yt) we could work with cov(vt, ut) since the

difference between these involves var(y∗
t
) which is known. But then we can

recognize that E(y∗
t
|yt) would be the estimate we would make when applying

the Kalman filter to the SSF and allowing for the covariance between model
and observation shocks. For a given value of the latter we can compute
E(y∗

t
|yt) and then this may be chosen by minimizing the sum of squares∑

T

t=1
(yt − E(y∗

t
|yt))

2.
Now DSGE models are more complex and have the state space form

26



yt = Fy∗
t
+ ut

y∗
t

= My∗
t−1

+ vt

but we can estimate E(y∗
t
|y0...yt) with the Kalman filter assuming a given

cov(ut, vt).Again this will be unknown so we have to have a criterion to choose
it. One would be to just do what we did above i.e. minimize the variance
of yt − FE(y∗

t
|y0...yt), but one could also minimize a weighted average of

autocovariances of this quantity, which is what a spectral approach does. In
doing this minimization the only free parameters are those in cov(ut, vt) since

var(ut) = var(yt)− 2Fcov(vt, ut).

Since var(ut) ≥ 0, this restriction must be enforced and that imposes con-
straints upon the allowable values for cov(vt, ut).
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